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ABSTRACT
Simulations are expected to be the powerful tool to investigate the baryon effects on
dark matter (DM) halos. Recent high resolution, cosmological hydrodynamic simu-
lations (Di Cintio et al. 2014, DC14) predict that the inner density profiles of DM
halos depend systematically on the ratio of stellar to DM mass (M∗/Mhalo) which is
thought to be able to provide good fits to the observed rotation curves of galaxies. The
DC14 profile is fitted from the simulations which are confined to Mhalo ≤ 10
12M⊙,
in order to investigate the physical processes that may affect all halos, we extrapo-
late it to much larger halo mass, including that of galaxy clusters. The inner slope of
DC14 profile is flat for low halo mass, it approaches 1 when the halo mass increases
towards 1012M⊙ and decreases rapidly after that mass. We use DC14 profile for lenses
and find that it predicts too few lenses compared with the most recent strong lensing
observations SQLS (Inada et al. 2012). We also calculate the strong lensing proba-
bilities for a simulated density profile which continues the halo mass from the mass
end of DC14 (∼ 1012M⊙) to the mass that covers the galaxy clusters (Schaller et al.
2015, Schaller15), and find that this Schaller15 model predict too many lenses com-
pared with other models and SQLS observations. Interestingly, Schaller15 profile has
no core, however, like DC14, the rotation curves of the simulated halos are in ex-
cellent agreement with observational data. Furthermore, we show that the standard
two-population model SIS+NFW cannot match the most recent SQLS observations
for large image separations.
Key words: Cosmology: theory—dark matter—galaxies: halos—gravitational lens-
ing: strong
1 INTRODUCTION
It is well-known that General Relativity (GR) is very suc-
cessful on small scales like our solar system. When applied
to scales of galaxies and larger, however, some exotic ingre-
dients are needed to explain our observations. For example,
when GR (its weak gravitational field form) is applied to
galaxies, we need cold dark matter (CDM) to explain the
observational data of rotation curves; when applied to cos-
mology, we need dark energy (DE) to explain the on going
accelerating expansion of our Universe. To account for the
cosmic structure formation and gravitational lensing in the
context of ΛCDM cosmology, both CDM and DE are needed.
There are no direct observational evidences supporting the
existence of CDM and DE. Their properties are assumed
so that the usual astronomical observations can be inter-
preted reasonably based on GR (and thus Newtonian theory
of gravity).
⋆ E-mail: wl010@bao.ac.cn
In this paper, we focus on the properties of CDM, and
consider only the observational constraints arising from rota-
tion curves and strong lensing. Early optical and 21 cm line
of neutral hydrogen observations for late-type disk galax-
ies all indicate the property of having an almost constant
rotation velocity in their outer parts. If Newtonian theory
of gravity is correct, the flat rotation curves suggest the
existence of some non-baryonic matter, called dark matter
(DM), surrounding each observable galaxy as a dark halo.
Other observations and structure formation theory require
that DM is cold, that is, the DM particles are massive and
their random velocity is small. Furthermore, it turns out
that the amount of CDM is at least several times larger in
mass than observable baryonic matter. Therefore, the to-
tal density profiles of galaxies and clusters of galaxies are
CDM dominated, the usual baryoic matter (usually resides
in the central region) can play the role of changing the in-
ner slope, the importance of which depends on the amount it
contributes to the total mass (Schaller et al. 2015a; Xu et al.
2016; Yannick et al. 2017). For later considerations, we use
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the density profiles of DM halos to stand for the total mass
distributions. The observational data for flat rotation curves
can be well-described if the mass density profile of CDM
particles is modeled as the singular isothermal sphere (SIS):
ρ ∼ r−2, when we observe the outer parts of disk galax-
ies. Interestingly, this steep, singular power-law model is
preferred by strong gravitational lensing for giant elliptical
galaxies. On the other hand, however, recent high-resolution
rotation velocity associated with dark matter in the inner
parts of disk galaxies indicates the presence of constant den-
sity DM cores. In fact, it is now established that the cored
isothermal sphere (CIS) fit well the observed rotation curves,
both in the inner and outer parts of disk galaxies (de Blok
2010),
ρCIS(r) =
ρ0
1 + (r/rc)2
, (1)
where ρ0 is the central density, and rc is the core radius of a
halo. Unfortunately, CIS model cannot match strong lensing
observations.
Gravitational lensing provides a powerful tool to de-
tect DM, although it is not sensitive to whether the mass
doing the lensing is baryonic or dark, but rather simply de-
pends on the total. For a certain given mass of a lensing
galaxy or galaxy cluster, strong lensing efficiency is very
sensitive to the slope γ of the central total mass density
profile (ρ ∝ r−γ). For example, a cored density profile like
CIS for a reasonable value of the core radius rc (usually
determined by rotation curves) would lead to an extremely
low lensing rate compared with lensing observations, while
singular isothermal sphere (SIS, γ = 2, for elliptical galax-
ies) matches observations well. As for galaxy clusters as
lenses, NFW (Navarro, Frenk, & White 1996, 1997; γ = 1)
has been used as a good model, but as will be demonstrated
in this paper, the most recent strong lensing observations re-
quire a steeper slope. It should be pointed out that dark mat-
ter halos are triaxial rather than spherical (Jing et al. 2002;
Despali et al. 2014; Bonamigo et al. 2015; Despali et al.
2017), the ellipticity would significantly increase the lensing
efficiency (Bartelmann et al. 1998; Meneghetti et al. 2001,
2003; Hennawi et al. 2007; Broadhurst & Barkana 2008),
but not so important compared with the inner slope. For
example, Giocoli et al. (2012) present MOKA, a new algo-
rithm for simulating the gravitational lensing signal from
cluster-sized halos, and find that the strong lensing cross
sections depend most strongly on the concentration and on
the inner slope of the density profile of a halo, followed in
order of importance by halo triaxiality and the presence of
a bright central galaxy.
The observations of rotation curves and strong lens-
ing can only be used to constrain the density profile of ha-
los, not directly the properties of CDM particles. It is the
structure formation theory, mainly through computer simu-
lations, that determines what the properties of CDM should
be assumed so that the density profile can be correctly pre-
dicted. For example, if CDM is self-interacting, or DM parti-
cles are warm (e.g., Shao et al. 2012), a cored density profile
can be created even without baryons. In the standard, hi-
erarchical, CDM paradigm of cosmological structure forma-
tion, galaxy formation begins with the gravitational collapse
of over dense regions into bound, virialized halos of CDM. In
this ΛCDM paradigm, halos form from purely collisionless
DM particles with primordial power spectrum of fluctua-
tions predicted by inflationary model. Small halos are the
first to form, and larger halos form subsequently by merg-
ers of pre-existing halos and by accretion of diffuse dark
matter that has never been part of a halo. In a simplified
picture (White & Rees 1978), baryonic gas is initially well
mixed with the DM particles, then participates in the gravi-
tational collapse of DM and is heated by shocks to the virial
temperature of the DM halos. Bound in the potential wells
of DM halos, baryonic gas proceed to cool radiatively due to
bremsstrahlung, recombination and collisionally exited line
emission (Frenk & White 2012).
A full analytic description of the development of such
dissipationless hierarchical clustering came in the ealy
1990’s with extensions of the original Press-Schechter model
based on excursion set theory (Bower 1991; Bond et al.
1991; Lacey & Cole 1993; Kauffmann & White 1993). The
halo mass function derived in this analytic theory is in
well aggreement with that from DM only simulations
(Sheth & Tormen 1999; Jenkins et al. 2001; Warren et al.
2006; Reed et al. 2007; Tinker et al. 2008; Crocce et al.
2010; Courtin et al. 2010; Angulo et al. 2012; Watson et al.
2013; Despali et al. 2016). We need such mass function in
our lensing probability calculations.
The current computer simulations are the most ro-
bust tools to explore the formation and evolution of the
large scale structure of the universe (Frenk & White 2012).
In the ΛCDM paradigm, purely CDM N-body simula-
tions can reproduce the observed cosmic web as demon-
strated by Sloan Digital Sky Survey (SDSS). In this sce-
nario, observable galaxies made-up of baryons form at the
centers of DM halos. Unfortunately, the cosmic gas (the
initial form of baryons), and the subsequent star forma-
tion processes, are poorly understood. Based on N-body
technique, there are mainly two complementary methods
for simulating the galaxy formations. The direct inclu-
sion of the baryonic component and all the astrophysi-
cal processes affecting it, known as numerical hydrody-
namic method, is too computationally taxing to perform for
large samples of galaxies (Teyssier 2002; Springel 2010a,b;
Commeron, Debout & Teyssier 2014; Tescari et al. 2014;
Pakmor et al. 2016; Katsianis et al. 2017). This method can
treat reliably only a subset of the relevant gas physics, such
as the shock heating of gas and its subsequent radiative cool-
ing. Another method is known as semi-analytic modeling.
The main difference with the direct simulation is that, in-
stead of solving the equations of hydrodynamics directly, one
employs a simple, spherically symmetric model in which the
gas is assumed to have been fully shock-heated to the virial
temperature of each halo, so that its cooling and accretion
can be accurately calculated. This phenomenological treat-
ments of baryonic processes are based on physical insights
gained from simulations of individual systems and from ob-
servations. Uncertainty parameters such as the efficiency of
star formation and stellar feedback can be adjusted to re-
produce the observed properties of all types of galaxies and
clusters of galaxies.
Over the past decades, a range of studies have asso-
ciated galaxies with DM halos at a given epoch, using a
variety of techniques, including halo occupation distribu-
tion medeling (e.g., Berlind & Weinberg 2002; Bullock et al.
2002), the conditional luminosity function modeling (e.g.,
c© 0000 RAS, MNRAS 000, 000–000
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Yang et al. 2003), and variants of the abundance match-
ing technique (e.g., Kravtsov & Klypin 1999; Neyrinck et al.
2004; Tasitsiomi et al. 2004; Conroy et al. 2006), which re-
late the observed properties of galaxies to their formation
histories in a hierarchical manner.
Recent high resolution, cosmological hydrodynamic
simulations (Di Cintio et al. 2014, DC14) introduce a mass-
dependent density profile to describe the distribution of dark
matter within galaxies, which takes into account the stellar-
to-halo mass ratio (M∗/Mhalo) dependence of baryon ef-
fects on DM. Using a Markov Chain Monte Carlo approach,
Katz et al. (2016) found that the DC14 model provides bet-
ter fits to the most recent observed rotation curves of galax-
ies over a large range of luminosity and surface brightness
than do halo models which neglect baryonic physics (i.e.,
NFW).
In this paper we apply the DC14 model to the strong
lensing probability calculations and compare the results
with the most recent strong lensing observations. Although
the most recent rotation curves for disk galaxies support the
D14 model, however, there are no direct evidences arising
from the simulations show us that all the central galaxies of
the final halos are disk galaxies. In fact, similar to the previ-
ous work in the literature (e.g., Shapiro, Iliev & Raga
1999, Mashchenko, Couchman & Wadsley 2006,
Mashchenko, Wadsley & Couchman 2008), the mor-
phological types of galaxies are unconcerned in these
simulations. The combined baryon effects such as gas
cooling, stellar feedback and dynamical friction are modeled
to reshape the inner slope of the density profile of DM
halos which initially have the functional form of NFW,
rather than to distinguish disk galaxies from ellipticals. The
main difference with previous similar work is that DC14
profile depends on the halo mass. At low mass end, each
halo display a central core, and for halos with increasing
mass, some astrophysical processes erase the central cores
and steepen the inner slopes of the DM density profiles. So
it would be interesting to check whether or not the DC14
model, which is centrally steepened for Mhalo ∼ 10
12M⊙, is
able to describe the massive galaxies.
Clearly, it would be very helpful for us to understand
the baryon effects on DM distributions if we have a sim-
ulated density profile which continues the halo mass from
the mass end of DC14 (∼ 1012M⊙) to the mass that cov-
ers the galaxy clusters. One such example is the investiga-
tion for the internal structure and density profiles of ha-
los of mass 1010 − 1014M⊙ in the Evolution and Assembly
of Galaxies and their Environment (EAGLE) simulations
(Schaller et al. 2015, Schaller15). These follow the formation
of galaxies in a ΛCDM cosmology and include a treatment
of the baryon physics thought to be relevant. As desired, in
this mass range the total density profile is similar to NFW
in the inner and outer parts, but has a slope of −2 at some
radius ri ∼ 2.27kpc (approximately independent of the total
mass) relatively near the centers of halos. We calculate the
lensing probabilities corresponding to the Schaller15 model
and compare the results with other models and observations.
For comparisons, we also demonstrate the lensing prob-
abilities for SIS + NFW and DC14(β = γ =2) +NFW
models. We compare these results with observation of
JVAS/CLASS survey and the Sloan Digital Sky Survey
Quasar Lens Search (SQLS, Inada et al. 2012). We adopt
the most generally accepted values of the parameters for
flat ΛCDM cosmology, for which, with usual symbols, Ωm =
0.27, ΩΛ = 0.73, h = 0.75 and σ8 = 0.8.
This paper is organized as follows: in Section 2 we
present the lensing equations for DC14 and Schaller15 mod-
els. We calculate the lensing probabilities for different pro-
files and compare them with observations in Section 3. The
discussions and conclusions are presented in Section 4.
2 LENSING EQUATIONS
2.1 DC14 model
The DC14 model is derived by fitting the so-called (α, β, γ)
double power-law model to the simulations, the resultant
density profile is
ρ(r) =
ρs(
r
rs
)γ [
1 +
(
r
rs
)α](β−γ)/α , (2)
where ρs is the scale density and rs the scale radius, and
α = 2.94− log10[(10
X+2.33)−1.08 + (10X+2.33)2.29]
β = 4.23 + 1.34X + 0.26X2 (3)
γ = −0.06 + log10[(10
X+2.56)−0.68 + (10X+2.56)]
where X = log10(M∗/Mhalo) and the mass range of validity
of α,β, and γ is −4.1 < log10(M∗/Mhalo) < −1.3. For our
purpose, we need to know α, β and γ as functions of the halo
mass Mhalo. Fortunately, we have a good fitting formula at
hand (Guo et al. 2010 )
M∗/Mhalo = 0.129
[(
Mhalo
M0
)−0.926
+
(
Mhalo
M0
)0.261]−2.440
(4)
where M0 = 10
11.4M⊙. This formula is valid when the halo
mass ranges from 1010.8M⊙ to 10
14.9M⊙, a range that dom-
inates the strong lensing probabilities.
As usual, we define the mass of a halo to be the mass
within r200 (which is the radius of a sphere around a DM
halo within which the average mass density is 200 times the
critical mean mass density of the universe),
Mhalo = 4π
∫ r200
0
ρr2dr = 4πρsr
3
s f(c1), (5)
with c1 = r200/rs the concentration parameter, and
f(c1) =
∫ c1
0
x2dx
xγ(1 + xα)(β−γ)/α
. (6)
In flat ΛCDM cosmology, the parameters ρs and rs can be
expressed as (Li &Ostriker 2002; Chen 2003a),
ρs = ρcrit
[
Ωm(1 + z)
3 + ΩΛ
] 200
3
c31
f(c1)
, (7)
rs =
1.626
c1
M
1/3
15
[Ωm(1 + z)3 + ΩΛ]
1/3
h−1Mpc. (8)
where ρcrit is the present value of the critical mass density of
the universe, and M15 is the reduced mass of a halo defined
as M15 =Mhalo/(10
15h−1M⊙).
The surface mass density for the DC14 profile is
Σ(x) = 2ρsrsV (x) (9)
where
c© 0000 RAS, MNRAS 000, 000–000
4 Wang et al.
V (x) =
∫
∞
0
(
x2 + z2
)
−γ/2
[(
x2 + z2
)α/2
+ 1
](γ−β)/α
dz,
and x = |~x|, ~x = ~ξ/rs, ~ξ is the position vector in the lens
plane. We thus obtain the lensing equation for a DC14 halo
y = x− µs
g(x)
x
, (10)
where y = |~y|, ~η = ~y rsDS/DL is the position vector in the
source plane, and
g(x) ≡
∫ x
0
uV (u)du, (11)
and
µs ≡
4ρsrs
Σcr
, (12)
where Σcr = (c
2/4πG)(DS/DLDLS) is the critical surface
mass density; DL, DS and DLS are the angular diameter
distances from the observer to the lens, to the source and
from the lens to the source, respectively.
We can get some simple but important results about
the lensing efficiency for DC14 model even before calculating
the lensing probabilities. We notice that, from equation (2),
NFW profile is a specific form that has (α, β, γ) = (1, 3, 1),
and SIS profile is similar to (α, β, γ) = (2, 2, 2), where in
the latter case, α can be any non-zero number and we let
α = 2 for definiteness. Therefore, it would be helpful to plot
the parameters α, β and γ versus Mhalo from 10
11M⊙ to
1014.9M⊙, as shown in Fig.1. We find that the inner slope
has γ ∼ 1, an NFW like value, only in a narrow range of halo
mass around 1012M⊙, and it flattens for lower and higher
mass ranges. This would result in a much lower lensing effi-
ciency compared with that of NFW model and even further
lower compared with SIS model.
Another parameter that helps us to understand the
lensing efficiency is µs in lensing equation (10). According to
strong lensing theory, multiple images can occur only for suf-
ficiently large values of µs. Fig. 2 shows how µs changes with
Mhalo for both DC14 and NFW models, with a fixed typical
value 0.45 of the lens redshift and the average value 1.56 of
the source redshift (Inada et al. 2012). We find that the val-
ues of µs for NFW model uniformly surpass that of DC14
in the whole range of halo mass of (1011M⊙, 10
14.9M⊙),
and the difference increases markedly for Mhalo > 10
12M⊙.
This would also means a obviously lower lensing efficiency
for DC14 model compared with the NFW model.
2.2 Schaller15 model
The Schaller15 model is derived from EAGLE simulations,
the total (baryons plus DM) density profile consists of two
terms (Schaller et al. 2015)
ρ(r)
ρcr
=
δc(
r
rs
) (
1 + r
rs
)2 + δi(
r
ri
) [
1 +
(
r
ri
)2] , (13)
where the first term is the NFW profile, and the second term
is NFW-like in that it shares the same asymptotic behavior
at small and large radii and has a slope of -2 at its scale
radius, r = ri. We write the surface mass densities corre-
sponding to the two terms as
Σ1(x) = 2ρcrδcrsV1(x), (14)
Figure 1. The parameters of α, β and γ as functions of Mhalo.
Figure 2. The parameter µs as a function of Mhalo for NFW
(dotted line) and DC14 (solid line). In both cases, the redshifts
of source and lens are set to be 1.56 and 0.45, respectively.
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where
V1(x) =
∫
∞
0
(
x2 + z2
)
−1/2
[(
x2 + z2
)1/2
+ 1
]
−2
dz,
and
Σ2(x) = 2ρcrδiriV2(x), (15)
with
V2(x) =
∫
∞
0
(
x2 + z2
)
−1/2
[(
x2 + z2
) r2s
r2i
+ 1
]
−1
dz.
For later calculations, we need to know the characteristic
densities δc, δi and characteristic radii rs, ri as functions of
the total mass M200, which reads (Schaller et al. 2015)
M200 = 2πρcr
{
2δcr
3
s
[
ln
(
1 +
r200
rs
)
−
r200
r200 + rs
]
+δir
3
i ln
(
1 +
r2200
r2i
)}
. (16)
In practice, however, it is impossible to derive so many pa-
rameters from the only equation (16), we thus fit δc etc.
to M200 with the data given by Schaller et al. (2015). The
fitted results are displayed in Fig.3, Fig.4 and Fig.5. The
fitting formulas are
δc = 10
δcaX
2+δcbX+δcc , (17)
where X = log 10(M200) and δca = 0.06, δcb = −1.65, δcc =
15.22;
δi = 10
0.59X−1.18 ; (18)
rs =
0.75
103
(rsaX
3 + rsbX
2 + rscX + rsd)h
−1Mpc (19)
where rsa = 2.08, rsb = −61.0, rsc = 598.57, rsd = −1960.43;
and for ri, we adopt the average value 〈ri〉 = 2.27kpc
(Schaller et al. 2015), or
ri = 1.70× 10
−3h−1Mpc. (20)
We thus obtain the lensing equation for a Schaller15 halo
y = x− µs
g1(x)
x
− µi
g2(x)
x
, (21)
where y and x are defined in the same way as for DC14
model, µs = 4ρcrδcrs/Σcr, µi = 4ρcrδiri/Σcr and
g1(x) ≡
∫ x
0
uV1(u)du, (22)
g2(x) ≡
∫ x
0
uV2(u)du. (23)
As indicated by Schaller et al. (2015), Schaller15 profile
has two lengthscales, rs and ri, where the former describes
the NFW-like outer parts of the halo, and the latter the
deviations from NFW in the inner regions. The second term
in Eq.(13) is the inner component, which is characterized
by two quantities, a scale radius ri and a density contrast
δi. This inner profile is an empirical model that describes
the deviation from NFW due to the presence of stars and
some contraction of the DM. So we expect that the lensing
efficiency for Schaller15 model should be higher than NFW.
Figure 3. The relation between δc and M200.
Figure 4. The relation between δi and M200.
Figure 5. The relation between rs and M200.
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3 LENSING PROBABILITIES
The quasars of redshift zs are lensed by foreground CDM
halos of galaxy clusters and galaxies, the lensing probability
with image separations larger than ∆θ is (Schneider et al.
1992)
P (> ∆θ) =
∫ zs
0
dDPL (z)
dz
dz
×
∫
∞
0
n¯(M, z)σ(M,z)B(M, z)dM, (24)
where DPL (z) is the proper distance from the observer to the
lens located at redshift z
DPL (z) =
c
H0
∫ z
0
dz
(1 + z)
√
Ωm(1 + z)3 + ΩΛ
, (25)
here c is the speed of light in vacuum and H0 is the current
Hubble constant. We make zs = 1.56 for statistical sample
SQLS (Inada et al. 2012), and zs = 1.27 which is the mean
value of the redshift distribution for quasars approximated
by a Gaussian model (Helbig et al. 1999; Marlow et al. 2000;
Myers et al. 2003). The physical number density n¯(M, z) of
virialized DM halos of masses between M and M + dM
is related to the comoving number density n(M, z) by
n¯(M, z) = n(M, z)(1 + z)3; the latter was originally given
by Press & Schechter (1974), and the improved version is
(Sheth & Tormen 1999)
n(M, z)dM =
ρcrit
M
f(M, z)dM, (26)
where
f(M, z) = −
√
2
π
δc(z)
M∆
d ln∆
d lnM
exp
[
−
δ2c (z)
2∆2
]
(27)
is PS mass function. In Eq.(27) above, ∆2(M) is the present
variance of the fluctuations in a sphere containing a mean
mass M ,
∆2(M) =
1
2π2
∫
∞
0
P (k)W 2(krM)k
2dk, (28)
where P (k) is the power spectrum of density fluctuations,
W (krM) is the Fourier transformation of a top-hat window
function
W (krM) = 3
[
sin(krM)
(krM)3
−
cos(krM)
(krM)2
]
, (29)
and
rM =
(
3M
4πρ0
)1/3
. (30)
In Eq.(27), δc(z) is the over density threshold for spherical
collapse by redshift z (Navarro, Frenk, & White 1997):
δc(z) =
1.68
D(z)
, (31)
where D(z) is the linear growth function of density pertur-
bation Carroll & Press (1992)
D(z) =
g(Ω(z))
g(Ωm)(1 + z)
, (32)
in which
g(x) =
5
2
x
(
1
70
+
209x
140
−
x2
140
+ x4/7
)
−1
, (33)
and
Ω(z) =
Ωm(1 + z)
3
1−Ωm + Ωm(1 + z)3
. (34)
We use the fitting formulae for CDM power spectrum P (k)
given by Eisenstein & Hu (1999)
P (k) = AkT 2(k), (35)
where A is the amplitude normalized to σ8 = ∆(rM =
8h−1Mpc) = 0.8, and
T =
L
L+ Cq2eff
, (36)
with
L ≡ ln(e+ 1.84qeff ), (37)
qeff ≡
k
Ωmh2Mpc−1
, (38)
C ≡ 14.4 +
325
1 + 60.5q1.11eff
. (39)
The cross-section is
σ(M,z) = πy2crr
2
sϑ(M −Mmin), (40)
where ycr is the maximum value of y, the reduced position of
a source, such that when y < ycr multiple images can occur;
ϑ(x) is a step function, andMmin is determined by the lower
limit of image separation
∆θ =
rs∆x
DL
≈
2x0rs
DL
(41)
and Eq.(5) for DC14 model as
MDC14min = 8.927 × 10
−8M15
×
(
Ωm(1 + z)
3 + ΩΛ
)( c1DL∆θ
x0
)3
, (42)
and Eq.(19) for Schaller15 model as
MSchaller15min = 10
maY
3+mbY
2+mcY+Md−15, (43)
where Y = 10
3
0.75
× rs, ma = 3.62× 10
−6, mb = −0.001, mc =
0.09, md = 9.92. Note that, for Schaller15 model, we define
M =M200/10
15M⊙. In Eq.(41), we have approximated the
image separation ∆x to be 2x0, where x0 is the positive zero
position of function y(x).
The magnification bias B(M, z) should be calculated
by considering the actual flux ratio and differential luminos-
ity of quasar sources (e.g., Oguri et al. 2008; Yang & Chen
2009), however, since we investigate only the order of
magnitudes of lensing probabilities, we adopt a simple
model (Li &Ostriker 2002): B ≈ 2.2A1.1m , with Am =
DL∆θ/(rsycr).
We first present, in Fig. 6, the lensing probabilities pre-
dicted by Eq.(24) with the survey results of JVAS/CLASS,
which is a subset of 8958 sources from the combined
JVAS/CLASS survey that forms a well-defined statisti-
cal sample containing 13 multiply imaged sources suit-
able for analysis of the lens statistics (Myers et al. 2003;
Browne et al. 2003; King et al. 1999). The lensing probabil-
ity for DC14 model (the dotted line) is much lower than the
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observations, which verifies our previous predictions simply
based on the inner slope and parameter µs. Also shown in
Fig. 6 is the well known two-population SIS+NFW model,
which has long been used as a standard model in strong lens-
ing statistics (Sarbu, Rusin, & Ma 2001; Li &Ostriker 2002;
Chen 2003a,b, 2004a,b; Zhang 2004). In this model, SIS is
used for lensing galaxies (mostly giant ellipticals) and NFW
for lensing clusters of galaxies (Boldrin et al. 2012), and the
transition occurs atMhalo ∼ 10
13M⊙. We can conclude that
the SIS+NFW model fit the observations reasonably well,
in the sense that the SIS predictions fit the small image
separations well, whilst the NFW predictions are below the
upper limit put by JVAS/CLASS survey for 6′′ ≤ ∆θ ≤ 15′′
(Li &Ostriker 2002). We know that the density profile for
SIS model is ρSIS(r) = σ
2
v/(2πGr
2), where σv is the velocity
dispersion; alternatively, if we set β = γ = 2 in Eq. (2) we
have ρ(r) = ρsr
2
s/r
2. They are both proportional to 1/r2,
and differ only in a constant. The latter case is denoted
as “DC14(β = γ = 2)+NFW” (the dot-dash line) in Fig. 6,
which is approximately equivalent to SIS+NFWmodel. This
reflects a very important fact about strong lensing statistics
that we have repeatedly emphasized: the inner slope of den-
sity profile for lensing halos is the most important factor
compared with others (e.g, shapes and substructures). The
lensing probabilities for CIS model have been investigated
in detail (Chen & McGaugh 2010), we paste the line (dot-
dash) in Fig. 6. We find that the lensing probabilities for
DC14 are lower than NFW but higher than the CIS model,
which can be explained by the steepening tendency of the
inner slope of the DC14 profile when the halo mass increases
towards ∼ 1012M⊙, as displayed in Fig. 1.
We also compare the lensing probabilities predicted
with Eq.(24) for various density profiles with the most re-
cent observations of SQLS in Fig. 7. The statistical sample
for SQLS (Inada et al. 2012) consists of 26 quasar lenses se-
lected from 50836 source quasars in the redshift range 0.6
< z < 2.2 with Galactic extinction corrected (Schlegel et al.
1998) magnitudes brighter than i = 19.1. Note that the pre-
dicted lensing probabilities for each model in Fig. 7 are ob-
viously higher than their counterparts displayed in Fig. 6
due to the different redshifts zs of quasars we have chosen,
zs = 1.56 for SQLS and 1.27 for JVAS/CLASS. We find
from Fig. 7 that SIS profile can still match the SQLS obser-
vations well, whilst NFW predicts the lensing probabilities
that are about an order of magnitude lower than the ob-
servations (Giocoli et al. 2016). The usually employed stan-
dard model SIS+NFW breaks down for large image separa-
tions. As pointed out previously, something like the elliptic-
ity and substructure, which deviate from the spherical and
smooth NFW model, cannot compensate for the large dis-
crepancy, we thus tend to believe that a steeper inner slope
than NFW may achieve the large image separation observa-
tions (Chen & McGaugh 2010).
The predicted lensing probabilities for Schaller15 model
(dot-dashed line) are shown in Fig. 8, together with the ob-
servations for SQLS sample (thick histogram), the predic-
tions for the models of SIS +NFW (dashed line) and DC14
(dotted line). Surprisingly, we find that Schaller15 model
predicts too many lenses compared with SQLS observations
and all other models.
Figure 6. Lensing probabilities with image separations larger
than ∆θ: observations of the combined JVAS/CLASS sam-
ple (thick histogram), and the predictions for the models of
SIS+NFW (dashed line), CIS (dot-dashed), DC14(β = γ =
2)+NFW (solid line), and DC14 (dotted line). Predicted lensing
probabilities are calculated with zs = 1.27.
4 DISCUSSIONS AND CONCLUSIONS
We have calculated the lensing probabilities with image sep-
arations larger than ∆θ for DC14 model and Schaller15
model, and compared the results with observations and
other models. As expected, the lensing efficiency for DC14
is much less than SIS (which fit the observations for galac-
tic lenses quite well), and even less than NFW. The rea-
son is that the lensing efficiency is very sensitive to the
inner slope of the density profile of the lens halos, which
actually dominates the predictions. Despite that the inner
slope γ of DC14 profile approaches 1 (which is NFW like)
when the halo mass increases towards 1012M⊙, it decreases
dramatically after that mass as shown in Fig. 1. We know
that the DC14 profile is fitted from the simulations which
are confined to Mhalo ≤ 10
12M⊙, and thus should be valid
only in this range; however, there are no evidences arising
from the treatments of astrophysical processes for the sim-
ulations show us that we cannot extrapolate to larger ha-
los. What is more important about DC14 profile is that it
is very far from the SIS like density profile in the galac-
tic mass range, namely around Mhalo ∼ 10
12M⊙, which is
required to explain strong lensing observations. This phe-
nomena is, in fact, genuine in the literature: up to now, all
the simulations claimed to have explained reasonably the ob-
servations of rotation curves fail to explain the observations
of strong lensing, whatever the valid halo mass ranges de-
clared. For example, one possible solution to the cusp-core
problem is the turbulence driven by stellar feedback dur-
ing galaxy formation (Mashchenko, Couchman & Wadsley
c© 0000 RAS, MNRAS 000, 000–000
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Figure 7. Lensing probabilities with separation larger than ∆θ:
observations for SQLS sample (thick histogram), and the predic-
tions for the models of SIS +NFW (dashed line), DC14(β = γ
=2) + NFW (dot-dashed line) and DC14 (dotted line). Predicted
lensing probabilities are calculated with zs = 1.56.
2006; Mashchenko, Wadsley & Couchman 2008), which
leads to a final halo file with a finite core radius for all
galaxies, including giant ellipticals. Such a situation is con-
sistent with essentially all observations of rotation curves
(McGaugh et al. 2007), but contradicts with strong lensing
observations (Chen & McGaugh 2010).
One may argue that, disk galaxies from which we ob-
serve the rotation curves and the giant ellipticals which
dominate strong lensing phenomena, are of very different
galaxy types and form in very different environments and
histories. In the spirit of hierarchical CDM structure for-
mation paradigm, however, they are formed from the same
initial conditions (gas mixes with dark matter) and undergo
the same subsequent hierarchical sequences, and thus can-
not form separately and independently. Clearly, any valuable
and theoretically significant predictions of the properties of
galaxies should be of those for any simulations that cover
the mass range from dwarf galaxies to giant ellipticals, and
should have the volume size large enough to include the
statistically well-defined samples of galaxies. This is neces-
sary to ensure the hierarchical galaxy formation theory be
faithfully, coherently and self-consistently implemented in
the ΛCDM paradigm. Therefore, for any simulations, what-
ever the manners are assumed in which baryon effects are
modeled to modify the initially pure DM halo profiles, it
is difficult, if not impossible, to identify the final galaxies
hosting in the center of DM halos only with disk galaxies, in
particular when the halo mass is as large as 1012M⊙. That
is, when the redshift z ∼ 0, there should exist other galaxy
types apart from disk galaxies. We thus emphasize that, it is
Figure 8. Lensing probabilities with separations larger than ∆θ:
observations for SQLS sample (thick histogram), and the pre-
dictions for the models of SIS +NFW (dashed line), Schaller15
(dot-dashed line) and DC14 (dotted line). Predicted lensing prob-
abilities are calculated with zs = 1.56.
meaningful for DC14 and any other similar density profiles
to be tested against rotation curves, only if we assume that
the halo mass density profiles are unconcerned with morpho-
logical types of the hosted galaxies. Accordingly, the density
profiles can also, and should be, tested by other available ob-
servations, in particular by the observations of strong lensing
(Chen 2005; Li & Chen 2009; Chen & McGaugh 2010).
In practice, however, limited by the computer capa-
bilities, more details about the inner structure of each
halo need higher resolutions (i.e., smaller particle mass)
which would strongly restrict the sample size under con-
siderations. Consequently, simulations can only be de-
signed to tackle a certain specific problem (usually deter-
mined by observations). For example, disk galaxies and
giant ellipticals are often simulated independently, usu-
ally among very different communities. The baryons have
two opposite effects on the central mass density of DM
halos. While stellar feedback and dynamical friction can
induce expansion of the DM halo and produce a core,
the adiabatic contractions can steepen central density to
the SIS type (Blumenthal et al. 1986; Gnedin et al. 2004;
Gustafsson, Fairbairn & Sommer-Larsen 2006). The uncer-
tainties of the parameters appear in different models for the
baryon effects allow us to calibrate the parameters with ob-
servations. This inevitably leads to the simulation results
which are strongly observation-dependent. It is thus no sur-
prise that the baryon processes modeled for simulations that
can produce the CIS profile cannot naturally proceed to pro-
duce SIS (Chen & McGaugh 2010).
The most recent seemingly comprehensive simula-
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tions (e.g., Parry, Eke & Frenk 2009; Remus et al. 2013;
Schaller et al. 2015) further confirm our opinions mentioned
above: a treatment of baron effects for one aspect of obser-
vations cannot describe another. Schaller15 profile has no
core, however, the rotation curves of the simulated halos are
in excellent agreement with observational data (Reyes et al.
2011) for galaxies with stellar mass ranging from 109M⊙
to 5× 1011M⊙, corresponding to the total halo mass rang-
ing from 1011M⊙ to 10
13M⊙ (Schaller et al. 2015). This is
compatible with DC14 model in the sense that, for DC14,
the cores exist only for the low mass halos and the pro-
file is NFW like when the halo mass approaches 1012M⊙.
For halos with mass ∼>10
12M⊙, DC14 model has no data,
our extrapolation predicts too low lensing efficiencies. For
Schaller15 halos, however, the central regions of halos with
mass ∼>10
12M⊙ are dominated by the stellar component
(Schaller et al. 2015). The presence of these baryons causes a
contraction of the halos and thus enhances the density of DM
in this regions. Unfortunately, the over-predicted lensing ef-
ficiencies mean that the baryon effects on DM suggested by
Schaller15 model cannot be true.
We conclude that, it is difficult for current simulations
to reconcile the DM distributions derived from the observa-
tions of rotation curves and that from strong lensing. In the
context of ΛCDM cosmology, if baryon effects, in the com-
puter simulations, are treated specifically to fit some specific
observations without considering others, results need to be
more aware of the systematics and the limitations of both
theory and observations.
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